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AN ANALYTICAL STUDY OF SIDESLIP ANGLES AND VERTICAL-TAIL 
CHARACTERISTICS OF MODERN HIGH-SPEED 
By  Ralph W . Stone,  Jr .
SUMMARY 
The  rolling-pullout  maneuver  has  been show to be  pertinent  and 
possibly  critical to the design of  the  vertical  tail  with  regard to the
loads produced  on  it. The trends  in  airplane  configurations  and  mass 
distributions  have  been  such as to emphasize  the  critical  nature of the 
maneuver, and more  exact  calculations of the  maneuver  for  adequate  estima- 
tions  of  the  vertical-tail  load  appear to be  required..  Because  extensive 
studies  of  the  maneuver  are  not  available  and  necessary  calculations  of 
such maneuvers  depend  on  the  stability and control  derivatives  used, a.n
analytical  study was undertaken to as6ess  the  significance of various 
yawing-moment  stability  derivatives on the  sideslip  angles  attained  in 
rolling  pullouts. Some effects of oscillations in the  sideslip  angle 
during a rolling  pullout on the  variation of the  vertical-tail load were 
also studied . 
The  results of this  investigation  indicate.that  the  directional- 
stability  derivative is the most critical of the  yawing-moment cI-?Y * 
stability  derivatives  with  regard  to an adequate  estimation  of  the 
vertical-tail  load.  The  adverse  yawing-moment  coefficient  due  to  aileron 
deflection  bEaSa), the yawing-moment  coefficient due to r o u g  
and the  coefficient  of  the damping in yaw (cnJ are less  critical  to 
an accurate  estfmation  of  the  vertic+tailload  than C, in the  order 
given. For airplane  configurations and mass distributions  different  than 
those  studied,  some of these  derivatives may be  more  critical, and expres- 
sions  for  estimating the effects  of  possible  change-s  or  errors in these 
tJ 
(Cn9. 
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derivatives on the maximum angle of s i d e a l i p  are included. As has been 
noted in the past ,  the mass distribution of  modern high-speed airplanes 
has an important effect  on the whum sideslip angles attained i n  rol l ing 
pullouts and i t s  influence cannot be neglected. In rolling  pullouts an b 
osci1,htion  in  the  sideslip angle which is influenced by piloting tech- 
niques is s e t  up and peaks i n  the oscillation of s ides l ip  angle subsequent 
t o  the f irst  may cause larger   ver t ical- ta i l  loads than the f i r s t .  
The rolling-pullout maneuver (any maneuver in  which r o l l s  occur 
during high g flight conditions) has been shown to  be pertinent to  design 
considerations from the standpoint of the loads produced on the  vertical  
tai l  ( r e f s .  1 t o  3 ) .  The  more recent mrk related to this flight condi- 
t i on   ( r e f .  3) has indicated that for modern high-speed airplanes, partic- 
ularly those with mass distributed primarily along the fuselage, the 
simplified expressions used i n  the past (ref. 2) fo r  adequately estimating 
the maximum sideslip angle in a rolling pullout generally are not appli- 
cable and that-more complete methods-of estimating the sideslip angle 
and ver t ica l - ta i l  load are necessary. 
Recently some concern has been..indicated as to the degree of accuracy 
needed in  estimating o r  measuring the  s tabi l i ty  and control derivatives 
used f o r  calculating rolling-pullout maneuvers so that  the,  variations i n  
sideslip angle and ver t ica l - ta i l  load may be estimated with sufficient 
accuracy. In order t o  vnderstand this problem bet ter ,  the . resul ts  of an 
analytical  study of the effects of large variatione of some of the la teral-  
stability-derivative coefficients on the maximum angle of sideslip at the 
first peak of i t s  oscillation are presented i n  this  paper. Also, expres- 
sions for estimating the effects of small variations of or  errors in 
these coefficients on the maximum sideslip angle have been developed and 
a r e  presented. This analytical study was made for a mdern high-speed 
airplane in a 6g rolling-pullout maneuver. Three different mass distribu- 
* t ions were considered i n  the study. 
Some concern has also been indicated recently regarding the oscilla- 
t ions i n  the sideslip angle and as t o  whether larger sideslip angles and 
ver t ica l - ta i l  loads might be encountered in such oscil lations subsequent 
to the time of the first peak. Although the problem seems t o  be closely 
associated w i t h  piloting techniques used the resul ts  of a study of some 
factors influencing these oscillations are also included i n  this paper. 
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The motions presented herein were calculated  primarily about the 
s t ab i l i t y  system of  axes. A afagram of  these axes showing positive 
directions of the forces and mments is presented i n  fi@;ure 1. 
cL 
lateral-force  coefficient, - Y 
+2s 
2 
c z  rolling-moment coefficient, L' & A b  
2 
pitching-moment coefficient, M 
yawing-moment coefficient, N 
increment of roulng-moment coefficient caused by 
.aileron  deflection 
increment of yawing-moment co'efficient caused by 
aileron  deflection 
L . l i f t ,  nW, l b  
Y 
L' 
lateral force, lb 
rolling moment, f t - lb  
M pitching moment, f t-I3 
M y-awTng moment, f t - lb  
S wing area, sq f t  
b wing spm, f t  
P air density,  slugs/cu f t  
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a 
P 
tl 
velocity, ft/sec 
&mente OP iner t ia  about X, Y, and Z principal axes, 
respectively, s 1 u g - d  
moments of iner t ia  about X, Y, and Z s t ab i l i t y  axes, 
rgspectivew, slug-ft2 
product of inertia  (posit ive when principal axis is 
inclined above flight path), slug-ft2 
relative density coefficient based on span, m/pSb 
mass ofa i rp lane ,  w / g J  slugs 
weigh€ of airplane, lb  
acceleration due t o  gravity, 32.2 ft /sece 
normal acceleration  divided by acceleration due t o  
gravity 
-le of attack tan - in body system of axes , kg 
angle of sideslip, sin’’ 1 radians except when 
( -l: ) 
V J  
otherwise noted 
inclination of principal longitudinal axis of iner t ia  
with respect to flight path, deg 
components of velocity V along the X, Y, and 2 body 
axes, respectively; v is a lso  component of V along 
Y s t ab i l i t y  axis, ft /sec 
angle of pitch, radians 
angle of yaw, radians 
angle of roll, radians except when otherwise noted 
pitching angular velocity, radians/eec 
yawing angular velocity, r&ans/sec 
ra te  of change of angle of sideslip with time . 
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r a t e  of change of rol l ing angulw velocity with time 
ra t e  of change of yawing angular velocity  with  thie 
Analysis of Influence of Stability  Derivatives 
This analysis was based on a treatment of the three  l inear   la teral  
equations of motion. The effects of cross coupling of inertia moments 
included by assuming a constant pitching velocity to exist for  any one 
calculation. By assuming a constant pitching velocity the cross-coupled 
. 
b which occur i n  rol l ing motions during pitching maneuvers,  however,  were 
* 
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ine&ia moments, as influenced by pitching in the  hteral’equations,  
could be included in  the lateral equations and these equations would 
s t i l l  be linear. The cross-coupled iner t ia  terms appearing i n  the 
yawing and rolling equations are, respectively, 
and 
These terms are thus only  functions of $ and (assuming constant 6 )  
and were included as additions  to the C and C tenis i n  the linear 
lateral equations. These equations so modified are 
np ’r 
As is evidenced in reference 3, however, the pitching velocity 
generally is not constant, particularly in rolling pullouts. The method 
outlined above, therefore, is only indicative of the effects  of cross 
coupling of inertia terms and does not give precise results. 
In equation (IC) the term 5 V% represents  the weight of the 
airplane and @ is  a substitution for  sin @ necessary for Uearization 
of the equations. This later s*stitution c o m n   t o  all la teral-s tabi l i ty  
work is  only approximate for the work treated in this paper where the 
angle of roll # at the time of maximum sideslip angle p is of the 
order of from bo to 60°. In addition it i s  assumed that the aerodynanic 
n 2  
7 
.----”- . .. 
.- 
. 
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derivatives expressed as partials are adequate for-the large motions 
experienced during the rolling-pullout maneuvers. 
Analysis of Effects of  Oscillation 
This analysis was based partly on a calculation of a 6g rolling 
pullout by the use of a step-by-step procedure presented in  reference 3. 
For this  calculation it was also believed that a variation in velocity 
o r  dynamic pressure should be considered in that aq airplane would be 
slowing down because of the high drag associated with high g f l i gh t .  
This change in velocity was estimated on the basis that  a deceleration 
existed  proportional to the increment of drag between lg and 6g f l i gh t .  
The velocity change was based on the equation 
from which 
V =  U 
mI)pSVot + 2 m  
where Vo is  the  ini t ia l   veloci ty .  
Add i t iona l  analysis was  based on the lineax l a t e r a l  equations of 
motion previously discussed (eqs. (l)), which were used t o  make calcula- 
tions for several different constant pitching velocities. 
The calculations presented in  t h i s  paper are f o r  a modern high-speed 
type of airplane having characteristics the same as those.of airplane A 
of reference 3 .  For all conditions calculated by the use of equations (1) , a 
constant angle of attack of 13’ was used. For the .calculations t o  deter- 
mine the effects of variations in  some of the stabil i ty derivatives,  the 
airplane was assumed to be in a 6g pullout, as previously noted, a t   t h e  
t i ne  of  rol l ing and a corresponding constant pitching velocity of 
0.179 radian per second was used. The calculations were made t o  deter- 
mine the value of the sfdeslip angle a t   t h e   f i r s t  peak of i ts  osci l la-  . t i o n .  Threemass  distributions were used, one i? which the mass w a s  
heavily distributed along the fuselage (3 = ..) , one simulating the - I% 
8 
mass distributions common in the past (% = 9, and an intermediate' 
value (: = 6) . The s t ab i l i t y  and control coefficientsgused for the 
calculations are presented in table I. The mass characteristics for the 
three mass distributions axe presented i n  table 11. The effects of varying 
the stability-derivative coefficients C np' C ngaEar C and C 
were determined f o r  each of the three mass distributions. The variations 
used for these coefficients are presented in table I. These derivatives 
are those which have been considered generally important to  the  sidesllp 
angle i n  rol l ing maneuvers i n  the past  ( ref .  2). When calculating the 
effects of varying each of these coefficients, a l l  the others were held 
constant at their basic values. 
30 
%' nr 
I n  order t o  check on the possibil i ty of having larger  vertical-tail  
loads at peaks ip an oscil lation in the s idesup  angle subsequent t o  the 
f irst ,  consideration was  given t o  results presented in  reference 3.  These 
resul ts   ( for  a 6g rolling pullout) indicate a rapidly increasing value 
of sideslip angle subsequent t o  the first peak i n  J3 and at the end of 
a 90' r o l l .  Since a p i lo t  might roll  further than Wo, these calcula- 
t ions were extended past the second peak i n  the oscilla.tion of p .  As 
was previously ngted, consideration of a possible change In velocity was 
also made. This calculation was based on the airplane basic condition 
l i s t ed  in table I an& for the mass distribution where ??!Q = 12 (table 11) 
IX, 
In oraer to  understand better  the  oscil lations i n  sideslip angle 
and how they  are  affected by pitching  velocity as exis ts  in a pull-  
out'oz high g maneuver, the effects of increasing the pitching veloc- 
i t y  9 in  equation (1) were also investigated.  Pitching  velocities of 
from 0 t o  0.716 radian/sec were investigated. The conditions for these 
calculations were for  the airplane having the basic  coefftcients  l isted 
in   table  I and for   the mass distribution where - IZo = 12. 
I% 
. 
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RESULTS AND DISCUSSION 
Some General Considerations of Sideslip in Rolling Maneuvers 
Since the mass distribution of modern airplanes has been shown to 
have an important effect  on the sideslip angle in rolling'maneuvers 
( r e f .  3) -and the mass disti5bution w a s  apparently of only  secondary 
importance for airplanes of World TJar I1 type with regard to   s idesl ip  
i n  rol l ing maneuvers (refs. 1 and 2),  some simple general considerations 
concerning the variations i n  sideslip are presented herein t o  aid i n  
understanding the problem before  the  results of this paper are presented. 
Qualitative variations in sideslip for different airplane conditions axe 
shown in figure 2. If i n  the absence of other aerodynamic forces and 
moments a rol l ing moment w a s  applied about the X s tab i l i ty  ax is  and i f  
all moments of iner t ia  were very k g e  except for  the  roll ing moment of 
inertia ('.> , the airplane would r o l l  about i t s  . X principal axis such 
that the variation Fn p would be  approximately q sin @ and at wo 
of r o l l  the angle d sideslip would be equal to q (the original angle 
of attack of the  principal  axis),  whereas this  original  angle of attack 
would  go t o  zero. This fact ,  however, .is only part of the problem i n  
tha t  aerodynamic yawing moments are also acting. If  the airplane had no 
direct ional  s tabi l i ty  (cnp = 0) but had adverse yawing moments such as 
r . \  
exis t  from aileron  deflections ralli.q.-(C! @) and cross- ' 
"p 2v 
coupled ine r t i a  moments [(Ix - in fl would be added - to  the  variation, q sin $ such that the upper curve of figure 2 , w o u l d  
be obtained. Directional stability will reduce the sideslip angle 
(c%> - from that given by the upper c m e  and cause an osci l la t ion i n  p .  
Increasing amounts of dfrect ional   s tabi l i ty  reduce the m u n t  of sideslip 
a t . t h e  f i r s t  peak as shown i n  figure 2. The f i r s t  peak Fn p occurs at 
a time equal to about 1/2 the period of the natural lateral oscil latfon 
of the airplane. Increasing values of directional s t a b i l i t y  
reduce this time so that  the f i r s t  peak i n  p OCCUTS at a time when 
less possible ultimate p exists; in addition, more yawing acceleration 
t o  reduce p pr io r  t o  th i s  time is provided. 
("4 
As previously noted, upon application of a rol l ing moment about the 
X s tabi l i ty  axis  and i n  the absence of other aerodynamic forces and 
moments, the variation of the sideslip angle would approxkmte q sin $ 
only if the moments of iner t ia  and I were very  large  relative 
to k, and if  the angle of attack went t o  zero a t  goo of r o l l .  If, 
=z0 YO 
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however, the  pi lot  maintained a constant angle of attack during the 
rol l ing maneuver, then  for the conditions of an applied rolling moment 
about the X s t ab i l i t y  axis, in the absence of other aerodynamic forces 
and mmnts ,  as previously discussed, the variation of p would be 
approximate- p~ (see appendix A) rather t u  q sin p~.  his would 
be the case f o r  any mass distribution even where  and I were not 
laxge r e l a t i v e   t o  . U n d e r  these conditions, the effects of the’ yawing 
moments just discussed with re la t ion  to  the variation q sin $$ would be 
added in  the s m e  sense t o  fxz, (if. V a r i a t i o n s  of * @ for  the  mass- 
distribution conditions treated in  this paper are shown in  figure 3. 
IZ . .  
IZO YO =x, 
IZ IZ 
F’resentation of Results 
The results of the calculations showing the effects  on the angle 
of sideslip, a t  the first peak, of variations in the yawing-stability 
derivatives are shown in  figure6 4 to  7. The effects of changes in  the 
directional-stability  derivative C w i t h  re la t ion   to  some general 
considerations previously discussed are shown i n  figure 8. 
The results of the calculations which were extended t o  show the 
effects  of osciJJ-ations i n  sideslip are shown i n  figure 9.  . The resul ts  
of calculations showing the effects of increasing values of pitching 
velocity on the lateral oscil lations REI affected by cross-coupled iner t ia  
moments are shown in figures 10 and ll. 
Effects of Variation of Some Lateral-Stability Coefficients 
For the convenience of the reader who may find it necessary to  make 
estimations of  stabil i ty  derivatives for calculating rolling-pullout 
maneuvers and v e r t i c a - t a i l  loads, a list of references (refs. 4 t o  16) 
i s  included. These references indicate procedures for estimating deriva- 
tives for both subsonic and supersonic conditions and include experimental 
resul ts  f o r  some recent measurements of directional-stability derivatives 
at supersonic speeds. 
Effect  of C The effects on the maximum angle of sideslip shorn 
np * -  
fo r  an extreme var ia t ion in  C (0 t o  -0.26) are not large for the 
?e - 
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configuration and rmss distributions ihvestigated _(fig.  4) . The incre- 
mental effects  of ’ C are about the same f o r  each of the three mass 
distributions  (approximately 2/3O for  the range of C studied) ; however 
88 a percent of the   to ta l   s ides l ip  angle the effects becofne larger as the 
np 
?e 
mass distribution changes from - = 12 t o  3 .  In calculating r o l l i n g  IZO 
IXO 
motions to estimate the sideslip €ingle and ver t ica l - ta i l  load an estima- 
t ion  o r  measurement of C therefore, i s  more c r i t i c a l  f o r  cases where 
the mass is  distributed more evenly along the wings and fuselage than 
for cases &ere the mass is distributed primarily along the fuselage. 
In  addition prevLoua s tudies  ( ref .  2) for World W a r  I1 type airplanes, 
for  which the mass distributions were such that I 
order of 3 o r  less  and for  which the wing had a more dominant influence 
on the stabil i ty derivatives than do the low-aspect-ratio wings of current 
airplanes,  indicated  that C had an even more important influence on 
the maximum sideslip angle than fo r  the conditions presented herein. 
“p’ 
4% Of the 
np 
An expression for use i n  evaluating the effects  of possible e r rors  
i n  C 
np 
is  developed i n  appendix A and should be applicable t o  the general case. 
An application of the expression t o  the cases shown i n  figure 4 gives 
increments i n  p almost the same as are given by the complete solutions 
o f  ‘figure 4. The effects of very large increments in C as m i g h t  be 
introduced ar t i f ic ia l ly   for   auxi l tazy  damping of Lateral motions (see 
ref. l7), cannot be estimated by t h i s  simple expression. 
np’ 
Effect of C Ea.- The effects  on  the maximum sideslip angle of a 
%a 
c 
relatively  large  variation in C 6, (0 t o  -0.0070) became M g e r  as 
the mass distribution was changed from 3 = 12 t o  3 ( f ig .  5 )  . The 
t o t a l  increment for the entire variation of Cw Ea represented about 
20 percent and 70 percent maximm p (at CnS,Sa = 0) for the mass 
%a 
IX, 
a 
dis&ibutions when I was 12 and 3, respectively. Thus est" " 
t ions o r  measurements  of C 6, are m r e  c r i t i c a l  in  estimating the 
nsa 
ver t ica l - ta i l  load for  m s s  distributions where the weight is distributed . . .  
dong  both the wing and fuselage than for mass distributibns where the 
weight is primarily along the fuselage. For World War I1 type airplanes 
has been shown to  have an even more important influence on maxi- 
mum p (ref. 2) than i s  shown for  the case where A= 3.IZ 
IX, 
The expression developed in  appendix A 
is applicable to  the general case for estimating possible effects. of 
e r rors  in C, 6,. An application of the expression t o  the cases shown 
i n  figure 5 gives a conservative e s t k t e  of a possible error, when this 
e r ro r  i s  in  a direction t o  increase p-. 
sa 
Effects of , C .- The damping derivative has been shown not . .  
4- c.f 
t o  be an important factor in previous simplified expressions for estimating 
the maximum sideslip angle i n  roll- maneuvers (refs. 1 and 2) . The 
results shown in figure 6 of the effects of large variations in  
eubstantiate this point.  Variations of C . P r o m  -1.09 t o  -0.2725 
did not appreciably affect the sideslip angle f o r  any of the mass distri- 
butions. An expression for estimating possible effects of. errors In Cnr 
i s  included i n  append- A .  'Ilhis study was not suf3Xcientl.y extensive to 
cover the possible case of large damping obtained by a r t i f i c i a l  means' 
which might be used for  some airplanes. The effects of C may not be 
small  for  such cases. 
cnr 
nr 
nr 
Effects of C, .- Changes in  the directional-stability derivative 
C had a very large effect  on the maximum sideslip angle f o r  all mass 
distributions (fig. 7) .  This resul t  is in agreement with previous studies 
ns 
r 
( re fs .  2 and 3) which indicate a dominant influence of Cn . Variations 
in Cn were  most c r i t i c a l  f o r  the mass distribution f o r  which Izo= 3. 
B 
P .. 30 
For this mass distribution, reducing Cn t o  one-fourth t t s  value increased 
the maxi rmun s idesl ip  angle by 2L times. For the mass distribution where 
I" . 
B 
2 
3 = 12, the maximum s idesl ip  angle WRS increased by only 65 percent. 
I% 
The maximum sideslip angle, therefore, is not inversely proportional t o  
C, as previous  simplified  expressions  (ref. 2) might Indicate. The 
proximity t o  inverse proportionality becomes less  as mass i s  distribute 
more along the fuselage. Thus, larger values of direct ional  s tabi l i ty ,  
although leading t o  smaller sidesup angles, do not necessarily lead t o  
smaller ver t ica l - ta i l  loads in roll-  maneuvers. For example, the air- 
plane used in these calculations has unstable --fuselage directional 
s t ab i l i t y  Cn = -0 .OOYj. If in reduciqg Cn f r o m  0.0065 to 0.0016 
the assumption is made that only  the area of the t a i l  is changed in  pro- 
portion to the change i n  the required contribution t o  directional sta- 
b i l i t y  of the tai l ,  then the load  carried on the normal ta i l  
at maximum p ( 5  . O F )  when the mass is distributed mainly  along the 
P 
B $ 
PS = 0-0065) 
fuselage fz = ..) w i l l  be about 11 times the load casried. on a small 
2 
at i ts  maximum p (8.370) for  the same mass distri- 
bution. If on the other hand the maxinrum sideslip angles were inversely 
proportional t o  the directional-stability derivative Cn , as they tended 
t o  be for  World War I1 type airplanes and mass distributions, the large 
tail,  for  this case, would have carried a load of about 65 percent of 
that of the small tail. 
B 
Because of the very dominant role of Cn no attempt has been 
P 
made t o  develop an expression to  determine the effect  of possible errors . in  it. Relatively  high accuracy in measuring or estimating Cn appeez 
P 
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essent ia l   to  a reasonable estimation of maximum sideslip angle and the 
ver t ical- ta i l  load. 
Figure 8 shows the variations of p, through its maximum value, wlth 
angle of r o l l  (where # is  a t h e  variable) in relation  to  the varla- 
t ion - # and 7 sin # which  were discussed prevlously as concepts 
of the variation of f3 based on the inertia characterist ics ot’ the air- 
LL 
Ixz 
=Z 
Ixz 
IZ 
plane; The relations of the variation of j3 with -# for  each qf 
the three mass distributions, each w i t h  three values of C, , are similar; 
whereas  %he variations of p with relat ion to  q sin # change progres- 
P 
sively as I Z b  
is decreased from I 2  to 3 .  
0 
Effect of mass distribution.- The most noticeable effect shown in 
figures 4 t o  7 is that of mass distribution. For the condition of large 
point i n  figure 7, redistributing the weight from a value of the  ra t io  
2 = 3 t o  a value of 12 nearly doubles the meximum sideslip angle ami, 
thus, the vertical-tail  load. This effect  of loading is not included in 
the simplified expressions of references 1 and 2 and is a primary reason 
why these expressions do not adequately estimate the maximum sideslip 
angle f o r  modern high-speed airplanes. 
IZ 
Effects of Oscillation Fn Sideslip Angle on Vertical-Tail Load 
The resul ts  of the calculations shown in figure 9 indicate that 
the  vertical-tail  load can be larger  at   the second peak of an oscil la- 
t ion  in the  sideslip angle than at the first peak during a r o L l h g  pull- 
out. The resul ts  show a 20-percent increase in the sideslip angle and 
an approximate 10-percent- decrease in dynamic pressure with,a resulting 
increase in vert ical- ta i l  load of 10 percent. For these results the 
elevator w&8 held fixed throughout--the maneuver. In the variation in 
velocity shown, no consideration is made of 
o r  changes in gravltational force along the 
as the airplane reorients itself in  space. 
nay therefore be unconservative. The angle 
second peak in B wa8 somewhat larger than 
possible changes in thrust  
*d axis which m i g h t  OCCUT 
The variation fn velocity 
of attack  at  the time of the 
the angle of  attack at the 
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start of the motion. This factor causes an increase in the sideslip 
angle. If a p i lo t  attempted t o  maintain a constant angle of attack, 
forward motion of the stick would have been required a t  the time of the 
second peak i n  8 .  The reduced angle of attack and any changes in 
pitching  velocity  associated with forward stick motion would, of course, 
influence the magnitude of the sideslip angle a t  the second peak. No 
method exists, however, of evaluating what the  piloting techniques in a 
rolling  pullout will be, and thus whether the first o r  subsequent peaks 
in p are  cr i t ical  to  the ver t ical- ta i l  load depends  on the individual 
case. It is believed that the effects of changes in the various stability 
derivatives previously discussed relative to the first peak in  the  oscilla- 
t ion  in  8 would also be applicable t o  subsequent .peaks, but no p r o d  
of this belief has been attempted. 
Because of the  possibility of larger vert ical- ta i l  loads a t  times 
in  a rolling-pullout maneuver slibsequent to the time of the first peak 
in f3, a study of the effects of changes in pitching velocity on the 
oscillations of the sideslip angle was made. The results (fig. 10) show 
that the  effect of increasing the. pitching  velocity is t o  increase the 
sideslip angle a t  the f i r s t  peak and reduce the s tab i l i ty   ( f ig .  11). 
This resul t  is i n  agreement with results of reference 3 which showed 
that  the inclusion of the effects of pitching increased p at the f i rs t  
peak. Posit ive stabil i ty exists,for all pitching velocities except for 
the largest pitching velocity ( e  = 0.716 radian/sec) . The sideslip 
w l e  is  larger at the second peak, however, f o r  the case where 
8 = 0.537 radians/sec even though the airplane does have positive sta- 
b i l i t y .  This is  primarily the result  of the non-oscillatory part of p 
(fig.  lO(b)) which increases positively with time when pitching  exists. 
The variations in p which would exis t  if p u&8 merely oscil lating 
about zero are shown i n  figure 1O(c) and indicate reduced values of p 
at the second peak except for the unstable case. It is  conceivable 
that  if the pitching velocity increased with time the variation of p 
with the w o u l d  tend t o  shift from one curve t o  another in  fi@;ure lO(a) 
with the  relative  possibility of la;rger.sideslip angles at  the second 
peak. If the angle of attack was a lso  allowed t o  increase with time 
the second peak could be larger by the mere expedient of q sin # or 
- @ being larger than if  the angle of attack remained constant. =xz " 
The 6g pullout  condition  treated in  this paper has a pitching 
velocity of 0.179 radian/sec at  the beginning of th$ motion. It should 
be pointed out however that the pitching velocity 8 is not uniquely 
defined by the normal acceleration in a rollhg-pullout maneuver and 
it is possible  that much larger values can exist  when rolling and side- 
slip are present. For the rolling-pullout case treated fn reference 3 
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the  pitching  velocity  (initially 0.179 radian/sec)  reached a maximum of 
about 0.44 radian/sec. A brief  explanation of this  effect  is  given  in 
appendix B. 
CONCLUSIONS 
An analytical  investigation of the  effects  of  variations of the 
yawing-moment  coefficients on the maxipun sideslip angle during  rolling 
pullouts and the  effects of oscillations of the  sideslip angle on the 
maximum vertical-tail load indicates  the following conclusions : 
1. The  directional-stability  derivative  Cn  is  the  most  critical 
P 
of the  yawing-moment  stability  derivatives  with  regard to n adeqpate 
estimation of the  vertical-tail  load.  The  adverse  yawing-moment  coeffi- 
cient due to aileron deflection , the yawing-moment coefficient 
due  to rolling , and the  coefficient of the damping in yaw 
are  less  critical  to an accurate  estimation of the  vertical-tail load 
than Cn in the order given. 
PP) p r )  
B 
2. For  airplane  configurations  and mass distribution&  different 
than  those  studied, some of these  derivatives may be more  critical,  and 
expressions  for  estimating  the  effects  of  possible  changes  or  errors in.
these  derivatives on the maximum angle  for  the  general  case  are  included. 
3 .  As has been  Indicated in the  past,  the mass distribution of 
modern  high-speed  airplanes has an important  effect  on the, meximum side- 
slip  angles  attained  in rolling pullouts and  its  influence  canriot  be 
neglected. 
4. In rolling  pullouts an oscillation in the  sideslip  angle  which 
is  influenced by piloting  techniques is set up. As a result of this 
condition, peaks in the  oscillation  of  sideslip  angle  subsequent to the 
first  may  cause  larger  vertical-tail loads than  the  first. 
L a n g l e y  Aeronautical  Laboratory, 
National Advisory Committee  for  Aeronautics, 
Langley  Field, V a  . , July 17, 1953. 
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APPENDIX A 
DERIVATION O F  EXPRESSIONS FOR ESTIMATING EFFJETS OF DERIVATIVES 
The calculations presented herein me for a limited number of con- 
ditions and the  results may not be generally applicable t o  every air- 
plane configuration or condition. Accord;-Lngly simple expressions have 
been developed t o  determine the possible effects of errors i n  some of 
the lateral-stability-derivative coefficients on the maximum sideslip 
angle f o r  the general case. Tfie development of these expressions is  
based on the assumption that m i a t i o n  of sideslip angle j3 with time 
has been calculated by complete methods and therefore that the maximum 
sideslip angle and the time t o  reach this mgle axe known. With t h i s  
information known, the effects on the maximum sideslip angle of possible 
errors  i n  the derivatives used to calculate  the motion can he estimated 
approximately by these expressions. Certain l imi ta t ions  regarding these 
expressions are also given. 
From equation 1( C )  , by dividing by mV, remanglng, and integrating 
a value of p may be written aa follows : 
where from equation l (b)  (by similar procedures), 
which can be broken into component p a t s  as, for example, 
Now i f  the  limits of these integrations are the time at which pmax 
occurs,  increments in p, re lat ive to &, w i l l  be obtained.  Further 
i f  it is presumed that some error i n  and Cn 6, exists  (En 
and LCn  6.), then the effect of this  error  on the maximum value of p 
cnP 
‘a P 
8a 1 
\ 
. .  . L-
i n  terms of an estimated increment in j3 Ap ( (%) and (-8a’a)) 
can be obtained by the following equations: 
and 
where t k  is  the time a t  which maximum p (at the   f i r s t  peak) occur8 . - 
In equation (A7),  6, i s  considered t o  be a constant and is  thus removed 
from under the integral sign, because it is  assumed that the ailerons 
are instantaneously set t o  a fixed deflection at zero time. 
Solution of  equation (A6) requires an expression f o r  @. Equa- 
d t  
2 
t ion l (a)   indicates  that and therefore a is a rather complicated 
d t  dt  
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function. The integral  
however i s  proportional t6 the area under a curve of # against time. 
Thus an approximation gfvFng the best variation of (d with time t o  that 
originally obtained could be used. If as an approximation the r o l l h g  
angular acceleration w a s  assumed t o  be constant, then 
and 
With th i s  assumption the def ini te   integral  
LtLt dt  dt  = 
and i f  lMts of 0 and t are used, 
pmax 
t dt  dt = - K t 3  
6 
s,” Lt dt dt  becomes 
@ 3 
then equation (A6) is 
and integration of equation (A7) gives 
Equations (A8) and (AS) are the simple expressions presented in  
the body of this paper for use in evaluating the effects on pmaX of 
possible  rrors in  c”p and C 6,. If the  variation of @ used i n  
n% 
integrating equation (A6) to obtain equation (A8) (d = ‘3 does not 
closely  re  resent the yariation actually obtained, some other variation 
such as $= K t  might-be considered o r  the actual area under a curve 
of # against time  could  be  used. 
2 
This approach may also be used to  evaluate  the  effects of’ other 
factors in equation (A3) 3n order to Cietermine 
These effects may be I=, Ix - Iy, and c nr- 
the effects of changes i n  
expressed as 
and if the same variation in $ as was used i n  equation (A8) is  assumed, 
which would be true only i f  6 was approximately constant and when the 
m i a t i o n s  i n  @ are subject to the same conditions indicated for equa- 
t ion  (A8) . Also, 
and i f  a m i a t i o n  i n  + of a form similar t o  that assumed for (6 is 
assumed and subject to the same limitations, the following equation is 
obtained : 
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All Fncremrtnts presented presume that a motion has been calculated 
by accurate methods and therefore that @a,,~, t h ,  and m e  
hown. It is further presumed that small changes in the derivatives, 
which would represent  possible errors,  have an approximately m e a x  
effect on the maxirmrm sideslip angle. The conditions presented herein 
(figs.  4 t o  6) indicate such an approximate meax   e f f ec t  fo r  even rela- 
tively large changes in  Cn , Cn Ea, and Cn . It should  be  noted, 
'a 
however, that i f  the increments in the various derivatives considered 
are such as to cause appreciable changes in the period of the  oscillatory 
motion of p and if  in the expressions presented Where integrals of # 
o r  i t s  derivatives occur, the incremental change in the pazticular deriva- 
t ive under consideration as for  example has an appreciable effect 
on the variation of $ with time, the expressions lose significance. 
Such changes in  the variation of (d would occur probably o n l y  i f  the 
r ea l  root  of the chaxacteristic equation denoting the damping i n  roll 
were appreciably affected by the incremental change i n  the  derivative 
(see ref. 17) . In any event L t  is believed that equations (A8) t o  ( A l 2 )  
may be used t o  give 831 approximate quantitative  effect of reasonable 
errors in these derivatives. No attempt has as yet been made to evaluate 
the effects of possible errors in the s tab i l i ty  derivatfves r e h t i n g  to 
the rolling moment. 
P r 
( cn ) P 
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APPENDIX B 
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EFFECT OF SIDESLIP AND ROLLING ON 'IHE PITCHING VELOCITY 
The fundamental equation for  the normal force is  
FZ = m(G - uq + vp) 
. 
where  u, v, and w are componellts of the  velocity along the x, y, 
and z axes, respectively, g is the  pitching  velocity; and p is  €he 
rolling velocity. I n  the s tabi l i ty  system of axes, 
w = w = o  
u = v cos f3 
v = v s i n p  
and 
where is  the  rate of change of the flight-path angle. The force FZ 
in the s t ab i l i t y  system of axes is the smu of the aerodynamic lift L 
and the weight component along the Z-axis. Equation (Bl) thus becomes 
L - wZ = m(v cos p i .  - v sin pp) ( 32) 
If f3 is  assumed t o  be approximately equal t o  sin p and cos p is 
assumed t o  be approximately 1, equation (B2) becomes 
+ =  L - wz 
mV + PP 
The sum of '  the angle of attack and flight-path angle equals tQe 
angle of itch, and i f  the angle of attack is held constant, 6 = 7, 
so  that g, the pitching velocity, i s  equal t o  equation ( B 3 ) .  Thus 
any positive value of pp adds a centrifugal force to the lift which 
causes an increase in  the pitching velocity even though the angle of 
attack and l i f t  are held constant. 
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Eerodynamic characteristics are referred t o  stability axe3 
L 
W i n g  area, sq f t  . . . . . 
CzB,  per de@; . . . . . . . 
C , per de@; . . . . . . . 
C , per deg . . . . . . . 
, per  adian . . . . . 
cnp 
, per radian . . . . . 
Czr, per  adian . . . . . 
‘nr , per radian . . . . . 
c Z8,6, 0 . 0 0 . . . . . 0 
w i n g  span, ft . . 0 . . . 
ys 
6, . . . . . . . . . . 
CL . . . . . . . . . . . . a 
Basic 
166.5 
22.7 
-0.0032 
o .m65 
-0.015 
-0.225 
-0.130 
0 -235 
-1 .ogo 
0 .0197 
-0 a0035 
0.78 
Modified 
0.00325 
0 
-0.545 
0 
0.001625 
-0.26 
-0 -2725 
-0 .m70 
. . . . . . . . . .. . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . .
TABLE 11.- MA8S -TICS 
Airplane relative 
bnsl ty   coeff ic ient ,  
CI 
I zo 
55,555 
55,555 
55,555 
'Angle of attack assumed constant at 1F; body and principal axes were asaumed 
to coiacide. 
I 
I 
I I '  .. . 
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Figure 1 .- Sketch depicting the stability system of axes. Each view 
presents a plane of the axes system as viewed along the third axis. 
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Figure 2.- Qualitative  variations in angle of sideslip for different 
airplane conditions. 
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Figure 3 . -  Variations of - 52 7 with 9 for a constant angle o f  attack 
12 
of 13’ for the mass distributions comidered. Curve of q sin 
included for ccslrpariaon. 
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Figure 4 .- Effect of variatlona in C on the w e  of sideslip at np 
t he  first peak of its oscil lation. 
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Figure 5.- Ef'fect of variations in Cm 8s. on the angle of sideslip 
at the first peak of i t s  oscillation. 
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Figure 6 . -  Effect of variations i n  C., on the angle of sideslip at 
the fwEt peak of its oscillation. I 
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Figure 7.- Effect of variations in C on the angle of s idesl ip  at np 
the first peak of its oscil lation. 
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Figure 8.- A conrparison of the  variation of the angle of sidesllp near 
the f b s t  peak of its  oscillation with the variations of - 1X.z $ 
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and q sin 9. 
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. Ffgure 9.- Oscillations of t he  sideslip angle and f3q (proportional to 
the vertical-tail load) and a probable  variation in velocity in a 
Tolling g u o u t  with fixed elevator POBition. Q = pV 1 2  . 
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Figure 10.- Continued, 
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Figure 10.- Concluded. 
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Figure ll.- Effect of pitching velocity on lateral oscillatory stability. 
Airplane with basic derivatives and - I% = 12.' 
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